Weak coupling expansion of a chiral gauge theory on a lattice is discussed in the overlap formulation. We analyze the fermion propagator and the fermion-fermion-gauge boson vertex in the one loop level. The chiral properties of the propagator and vertex are correctly preserved without tuning the parameters involved even after the one-loop renormalization, and the ultraviolet divergent parts agree with the continuum theory. Our analysis, together with the existing studies on the vacuum polarization and the gauge boson n-point functions, completes the proof of the renormalizability of this formulation to the one loop level. † On leave of absence from:
Introduction.
The idea of the domain wall fermion [1] may provide a new possibility of regularizing a chiral fermion on a lattice [2, 3, 4] . In this approach, a Weyl fermion is simulated by a Dirac fermion in four plus one dimensions. Gauge fields A µ (x) interacting with the Weyl fermion in four dimensions are extended to four plus one dimensions to be independent of the time coordinate, A µ (t, x) = A µ (x) for all t. The Dirac fermion in four plus one dimensions is described by two different Hamiltonians H + (A) for t < 0 and H − (A) for t > 0 where Hamiltonians H ± (A) differ from each other only in the sign of the Dirac mass term. (The subscript '±' indicates the sign of the mass term.) Because of this step function behavior of the mass term, there arises one zero mode bound to the domain wall (at t=0), which behaves like a chiral fermion in four dimensions. This domain wall fermion inspired the overlap formulation [3] . To move from the domain wall fermion to the overlap formulation, assume that the four plus one dimensional space is of Minkowskian signature, and consider the path integral representation of the propagator of the domain wall fermion in the presence of the gauge fields,
where L ± (A) are the Lagrangians corresponding to H ± (A) and L is the size of the fifth dimension (which is the time coordinate). The Dirac fermion ψ(t, x) at t = 0 simulates the Weyl fermion and thus eq. (1) simulates the propagator for the Weyl fermion. Taking the limit L → ∞, eq. (1) will be reduced to,
where |A± are the Dirac vacua of the Hamiltonians H ± (A). The overlap formulation directly treats |A± and the form of the propagator (2) without invoking the four plus one dimensional theory. The effective action of a chiral fermion in the presence of the gauge fields (the determinant of the chiral Dirac operator) is expressed by the overlap of the two vacua, det{ 1 2 (1 ± γ 5 )( ∂ + ig A)}y = e −Γ(A) ≃ A + |A− .
The advantage of directly treating the vacuum overlap (3) is that, when the gauge fields exhibit topologically non-trivial configurations, the overlap (3) vanishes [5] (as the chiral determinant should), while if the vacuum overlap is expressed in a similar way to (1) as a limit L → ∞, it might not vanish due to possible contributions of the excited states of H ± (A).
Based on eq. (3), treating the gauge fields A µ (x) as slowly varying external fields, it has been in fact confirmed that the vacuum overlap A + |A− correctly reproduces the chiral anomaly [6] , the vacuum polarization [7] , and gauge boson n-point functions [8, 9] . The validity of this formulation has been further examined recently including the dynamics of the gauge fields [10, 11] . The fermion propagator is computed including the self-energy corrections due to the gauge interactions at one-loop level, and has been shown to remain chiral at one loop level without tuning the parameters involved [11] .
This analysis suggests the renormalizability of this formulation in the presence of the dynamical fermions and gauge bosons. In this paper, we discuss the weak coupling expansion in the overlap formulation and present the analysis of the propagator and the fermion-fermion-gauge boson vertex at one loop level. The chiral properties of the vertex are correctly preserved as well as those of the propagator, and the ultraviolet divergent parts agree with the continuum theory. Our analysis, together with the studies [7, 9, 11] , completes the proof of the renormalizability of this formulation at one loop level. The rest of the paper is organized as follows. In Sec. 2, we briefly review the overlap formulation. After we derive the Hamiltonians H ± (A) and their Dirac vacua |A± , we compute the propagator (2) for A µ (x) = 0 and analyze its pole. We show that the propagator describes a chiral fermion. In Sec. 3, we first compute the fermion propagator including the one-loop self-energy corrections due to the gauge interactions, and renormalize the propagator. We confirm that the fermion is renormalized preserving the desired chiral structure without tuning the parameters involved. Next, we compute the vertex corrections at one-loop level, and show that the chiral structure and ultraviolet divergences are correctly reproduced. We will give some discussions in Sec. 4. For numerical simulations in the overlap formulation and further applications of this formulation, see Refs. [12] and Refs. [13] , respectively.
Formalism.
As is discussed in the introduction, the Hamiltonians H ± (A) and their Dirac vacua |A± are the principal quantities in the overlap formulation. First we derive the Hamiltonian H ± (A) from the four plus one dimensional Dirac Lagrangian. Then we express |A± as a perturbation series in the weak coupling expansion.
The overlap Hamiltonians H ± (A) and their Dirac vacua |A± .
The Lagrangians of free Dirac fermions in four plus one dimensions are,
where the mass Λ corresponds to the height of the domain wall in the original domain wall fermion in Ref. [1] and T c determines the fermion chirality, as will be seen later. The gamma matrices in four plus one dimensional Minkowskian space satisfy the relations,
with η AB = (1, −1, −1, −1, −1), and they are related to the four dimensional Euclidean where a is the lattice spacing and we added the Wilson term (multiplied by T c ),
with Λ = λ/a. Hereψ = ψ † γ 5 because of the relation Γ 0 = γ 5 . The gauge interactions are implemented into the Hamiltonians (8), using the link variables U n,n+μ , as,
where, in the weak coupling expansion, the link valuables are expanded in terms of the gauge coupling g with the identifications,
Here we should note that the gauge fields A µ (n) describe the gauge interactions in four dimensional Euclidean space and they are completely independent of the time t in the four plus one dimensional sense. (For simplicity, we will consider the Abelian gauge theory.) The Hamiltonians H ± (A) are obtained by inserting eqs. (11) and (12) into eq.
(8). For the weak coupling expansion, it is convenient to use momentum representations.
Performing the following Fourier transformations,
the Hamiltonians (8) with eqs. (11) and (12) are,
wherep µ = (1/a) sin(p µ a),p µ = (2/a) sin(p µ a/2) and the momentum integral is over the Brillouin zone [−π/a, π/a]. In eq. (14), the first terms are the free Hamiltonians H ± (A = 0). The interaction term V is treated as perturbations and it is expanded in terms of the gauge coupling g as,
where
and
To quantize the system, we set the commutation relations,
which are the equal time commutation relations for a four plus one dimensional Dirac fermion. The operator ψ(p) is expanded in terms of the creation and annihilation operators as,
where u ± and v ± are the eigenspinors of the one-particle free Hamiltonians H ± (p) (σ is the spin index),
which satisfy the orthonormality conditions,
Their explicit expressions are,
where the spinor χ(σ) satisfies γ 5 T c χ(σ) = χ(σ). The creation annihilation operators
where δ P (p − q) is the periodic δ-function on the lattice. (The same relations hold also
). The two spinor basis are related by,
where cos
Eqs. (23) lead to the Bogoluibov transformation between the two basis (b + , d + ) and
The For example,
The Dirac vacua |± for the free Hamiltonians 
are solved in the form of the integral equation using the Dirac vacua |± following the standard time independent perturbation theory, and the results are,
where,
and the sum ′ n is over all the excited states |n± of H ± (0) and E ± (n) are their energy eigenvalues. The normalization factors α ± (A) are determined, up to phases [15] , by the normalization conditions of |A± as,
Fermion propagator at tree level
Having presented H ± (A) and |A± , we now discuss the fermion propagator. In four plus one dimensions, the propagator is defined by the vacuum expectation value of the T-product,
Since ψ(t, p) at t = 0 simulates the Weyl fermion, setting t, t ′ = 0 and using θ(0) = 1/2,
which we denote as Ω(p, q):
propagator is defined by the path integral,
where S(A) is the action of the gauge field. We find it convenient for later calculations to decompose Ω(p, q) in the following 'normal ordered' form (using the Bogoluibov
:
Eq. (34) is the propagator for A = 0 and the normal ordered product (35) satisfies the relation +|:Ω:|− = 0. Now we discuss the pole structure of the propagator (34) for the free fermions,
The spinors u ± , v ± are properly normalized vectors and can not yield divergences in eq.
(36) for any value of the momentum p. Therefore, the pole of the propagator is given by the zero of cos β(p), which occurs only for ω + = X + and ω − = −X − . (The other case, ω + = −X + and ω − = X − , is excluded by the facts ω + > ω − > 0 and X + > X − .)
The necessary and sufficient condition for the pole of the propagator isp µ = 0 and X − < 0. At the origin of the Brillouin zone p ≃ 0,p µ = 0 and X − = −λ/a, which is the pole of the propagator. At each corner of the Brillouin zone p µ = ±π/a + q µ ,p µ = 0 and X − = (−λ + 2rn)/a, where n = 1, · · · , 4 is the number of momentum components which lie near the corner of the Brillouin zone. Thus, for the range of the parameters λ < 2r, each corner does not leads to the pole of the propagator. In fact, for p ≃ 0,
which lead to,
and thus the propagator (36) describes a chiral fermion in this region. At each corner of the Brillouin zone, p µ ≃ ±π/a + q µ ,
and the propagator takes the following form,
where c 1,2 are constants. Thus, the chiral non-invariant contributions coming from each corner are suppressed due to the (4n 2 r 2 − λ 2 ) mass.
3 The weak coupling expansion.
Next consider the effects of the gauge interactions at one loop level in the weak coupling expansion.
Fermion propagator
First consider the fermion propagator. To obtain fermion propagator at one loop level, the expression (33) should be expanded up to the order g 2 . Inserting the decomposition of Ω(p, q) into eq. (33), eq. (34) yields the propagator at tree level and all the quantum corrections arise from A + |:Ω:|A− . Expanding |A± in the perturbation series,
the quantum correction A + |:Ω:|A− , up to the order g 2 , is,
(The terms containing ∆E ± are neglected since they are of order O(g 2 ).) These terms are evaluated by rewriting the fermion operators in V 1 and V 2 in terms of the creation and annihilation operators defined in eq. (18) and using the commutation relations. As an example, we evaluate the third term in eq (42). Using eq. (29),
Here, |n A + should be two particle states,
where we use the abbreviation b †
c. For |n B + , both two and four particle states contribute. We only consider four particle states in our example,
The matrix elements of V 1 between relevant states are given by,
Inserting eqs. (46) into eq. (43),
The normal ordered part is evaluated using eq. (35) as,
Combining eqs. (48) and (49),
and we only considered the one-particle irreducible contributions. (The one-particle reducible contributions vanish because there is no tadpole contribution for the gauge fields.
Namely, the terms containing the combination, for example, +|V 1 |1 B1B + 1 B1B + |− , vanish after the momentum integration because of the discrete lattice symmetry.)
Now, Γ 1 (p, q) is rewritten in terms of the gauge fields by eq. (47), and the path integral over the gauge fields at the stage of eq. (33) leads to the following propagator,
for the bilinear of the gauge fields A µ (p)A ν (q). Summing up all the eight terms, the contributions of the fourth term in eq. (42) are expressed as −(2π)
Here we explicitly factor out the lattice spacing a so that Σ(p) has the correct dimension (one) of the self-energy for fermions. As is seen from above, this term is described by the Feynman diagram Fig. 1. (a) .
Next we compute eq. (53) in the limit a → 0. We will follow the strategy developed in Ref. [16, 17, 18] . First to see the divergences associated with the limits a → 0, we factor out the a dependence from the loop momentum integration by a rescaling of the loop momentum k →k = ka. Then the limit a → 0 produces the linear and logarithmic divergences. Here, the logarithmic divergence is associated with the infrared divergence of thek integration in the limit ap → 0. Such an infrared divergence takes place only in the regionk ≃ 0 because of the pole structure of the propagators (38) and (52). To evaluate these divergent terms, we expand the integrand with respect to the external momentum p around p ≃ 0. Then, the zero and first terms of the Taylor expansion contain linear and logarithmic divergences, respectively. As a consequence of the expansion around p ≃ 0, thek integration also develops infrared divergences associated with p → 0 (not a → 0), so we regularize infrared divergences by dimensional regularization from the beginning. (Another way of evaluating eq. (53) in the limit a → 0 is to divide the integration region into two pieces, which is described in Ref. [18] .)
Starting from the expression (53), first we analytically continue the space-time dimension D larger than 4 to regularize infrared divergences and introduce an arbitrary parameter κ of mass dimension one to keep the dimensions of the vertices unchanged [19] ,
Then rescaling the loop momentum k →k = ka,
where the rescaling of each quantity is,
Next, expanding eq. (55) with respect to the external momentum p, the momentum integral is finite for the zero term, and gives rise to,
where σ 1,2 (λ, r, ξ) are the constants. For the first term,
only the derivative ofD µν (ap−k) leads to the integral which gives rise to the logarithmic (infrared) divergence, and the derivative of the other terms yields, after the integration, finite terms in the limit ε, a → 0. Computing the integral, we obtain,
The remaining part,
is ultraviolet finite for a → 0, but is infrared divergent for ε → 0. In fact, because of the subtraction of the first two terms of the Taylor expansion, eq. (60) would have been of order a if there were no infrared divergences at ap → 0. Dividing the integration region into parts where the integral is regular in the limit ap → 0 and parts where the integral exhibits an infrared divergence, the contribution of the former is irrelevant, while that of the latter is finite for a → 0. Because of the structure of the poles of the propagators (38) and (52) such an infrared divergence can occur only atk ≃ 0 in the limit ap → 0, and the contribution of this region is evaluated by expanding the integrand aroundk ≃ 0 (and ap ≃ 0). The result of the calculation is,
Summing up eqs. (57), (59) and (61), we obtain,
The infrared divergences at ε → 0 are cancelled in eq. (62). The contribution to the tree level propagator is given by,
From this expression, we can see that only an ultraviolet divergence of Σ(p) more severe than quadratic can invalidate the chiral property of the regularized fermion, and the logarithmically divergent term in eq. (62) directly appears in the wave function renormalization factor as a logarithmic divergence.
If we take two particle contributions for |n B + in eq. (45), we obtain, instead of eq.
(53),
This term does not contain logarithmic divergences since there appears no infrared divergence for the first term of the Taylor expansion after the rescaling and expansion.
The other terms in eq. (42) 
where the contributions of the third and fourth and fifth terms to the logarithmically divergent term are 1/4, 1/2 and 1/4, respectively. From this expression, we see that the chirality of the regularized fermion is properly preserved and the wave function renormalization factor is,
where µ is the renormalization scale. The divergent part of the wave function renormalization factor agrees with that of the continuum theory.
Vertex correction
Next we consider fermion-fermion-gauge boson vertex. The three point function is
given by,
To obtain the vertex up to the one loop level, eq. (67) should be expanded up to the order 
The first two terms +|VG + :Ω:|− and +|:Ω:G − V|− with V = V 1 lead to the vertex at tree level after the path integration over A µ ,
For the radiative corrections we only need to evaluate one-particle irreducible contributions. The vertex corrections exhibit logarithmic divergences, which associate with infrared divergences of the integral after the rescaling of the loop momentum in our strategy. Therefore, in this case, we essentially look for terms which have enough poles, or equivalently cos β(p) −1 factors, to exhibit infrared divergences. Such terms are obtained only from the interaction V 1 , and the contributions of V 2 and V 3 yield only finite contributions.
For example, we evaluate a term containing V 2 , +|G + V 1 G + V 2 :Ω:|− . This term leads to the expression,
and we have considered only the four particle contributions for the evaluation of the second G + between V 1 and V 2 . (The two particle contributions for second G + do not give rise to enough pole factors to exhibit infrared divergences.) After the path integration over the gauge fields, the first term in eq. (70) yields the following one-particle irreducible contribution,
This contribution is described by the Feynman diagram in Figs. 2. (a) . Rescaling the momentum variable k →k = ak, we only need to evaluate the zero term of the Taylor expansion with respect to the external momenta p and q to compute possible divergent terms in the limit a → 0, which is,
The integral overk is (infrared) finite because of the structure of the interaction vertices, and thus this term only yields the finite contributions. The contributions of the terms and yield only finite corrections to the vertex. In this way, the interactions V 2 and V 3 lead only to the finite terms (contact terms).
The logarithmically divergent terms are obtained from the following terms in eq. 
We evaluate, as an example, +|V 1 G + V 1 G + V 1 G + :Ω:|− . Using the technique described in the previous subsection,
where we have taken two, four and six particle states in the evaluation of the first, second 
Such differences are irrelevant for the calculation of the divergent parts of the vertex function, as will be seen later. Multiplying eq. (76) with A µ (t), and performing the path integral over gauge fields, we obtain (for the one-particle irreducible contributions)
As is seen, these terms are described by the Feynman diagram Fig. 2. (c) . In the limit a → 0, Γ ρ (p, q) is evaluated in the same way to Σ(p). First we perform the analytic continuation (54) and the rescaling of the loop momentum k →k = ka. Then we expand Γ ρ (p, q) with respect to the external momentums p and q to extract the divergence in the limit a → 0. In the present case, only the zero term of the Taylor expansion leads to the logarithmic divergence, which appears as the infrared divergence in thek integration.
The infrared divergence takes place only in the vicinityk ≃ 0, because of the pole structure of the propagators, and is evaluated by expanding the integrand aroundk = 0.
Therefore, all the ω + factors are (after the rescaling) reduced to the constant λ in this calculation. Summing up all the six terms, the result of the calculation is,
The finite part is also evaluated in the same way as the self-energy case, and is given by,
where we introduced the renormalization point µ. Γ ρ (p, q) is the sum of the above two terms and is independent of κ. Similarly, 
Discussion
We have confirmed that, taking into account the dynamical nature of the gauge fields, the fermion propagator and fermion-fermion-gauge boson vertex are properly renormalized preserving the correct chiral properties. Our analysis, together with the studies of the vacuum polarization [7] and the gauge boson n-point functions [9] , proves the renormalizability of a chiral gauge theory on the lattice in the overlap formulation at one loop level.
Within the one loop level, phase conventions of the states |A± , namely the imaginary parts of α ± (A) do not affect our calculations. For higher orders, however, the phase conventions of α ± (A), which, in some case, might not be consistent with the gauge invariance, will enter into the analysis. Better understanding of this point, even though within the perturbation theory, will provide qualitatively new informations on this formulation. 
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